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was varied from 4 to 20. The inverse of [/] was evaluated
numerically. The calculations were performed using a digital
computer employing twelve digit accuracy for a number of
Eh, Eh, L, and a0 combinations. Loadings /S5 and S& were
applied independently, and deflections u$ — u% calculated in
each instance. Solution by the formulations of Eqs. (7) and
(9) gave identical results as expected. The % error between
the segmentally twisted beam deflections and those calculated
by the continuous twist formulation of Eqs. (7) and (9) is
given in Fig. 2 for a few of the cases considered.

The range of parameters considered is felt to be of practical
interest, and based upon the cases considered, it is evident
that the errors due to segmental twist modeling are most
significant for the coupling deflections and for bending which is
predominantly in the stiffer plane. Also it is noted that these
errors are strongly dependent upon the total twist and only
little influenced by Eh/Eh variations. For the several
total beam lengths employed, the % error was found to be
independent of this parameter. In all cases considered
however, the error produced by the segmental approximation
is less than 1% if the number of piecewise twisted elements
employed is ten or greater.
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Flutter of Low Aspect Ratio Plates

E. H. DOWELL* AND C. S.
Princeton University, Princeton, N.J.

SPRIGGS, Messiter, and Anderson1 have recently pre-
sented an interesting and valuable explanation of the

flutter behavior of a (two-dimensional) plate under in-plane
tension load in the limit as the tension stiffness dominates
the bending stiffness, i.e., a membrane. They develop an
asymptotic analysis based on the hypothesis of a boundary
layer at the plate edge and the presence of two length scales.
The insight into this boundary-layer behavior was obtained
by examining the natural modes of a pure membrane under
aerodynamic loading, although there is more than a hint
of such behavior in Dugundji7 s results2 for plates with finite
bending stiffness.

It is the purpose of the present Note to point out that the
interpretation of the results of Spriggs et al. may be general-
ized to include three-dimensional plates and thus also ex-
plain the failure of infinitely long traveling wave analyses
for low aspect ratio plates at high supersonic speeds and,
implicitly, the success of such analyses at subsonic Mach
numbers. 3~5

The mathematical model studied by Spriggs, Messiter,
and Anderson was a two-dimensional plate under tension
using linear plate theory and piston theory aerodynamics.
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The equation of motion for such a physical system is (here
we use essentially the notation of Dugundji2'4 and Dowell5)

D _
~ *

p£72 dw pU

These equations can be nondimensionalized as

. dw /Xu\1 / 2 dw^2X^ + U) e2^ +

where

e2 = D/a*Nx, X ES pUW/DM, fj, = pa/pji

Assuming

the eigenvalue problem becomes

= 0 (3)

where

Spriggs et al. introduced the following variables: a2 ==
Xe3 and 7 = (Xju/M)1/2e3 and obtained stability boundaries
(where the imaginary part of the eigenvalue K becomes
negative) in terms of a, y, and e. The specific mathematical
techniques used lead to asymptotic expansions in e, for small
e, allowing for two length scales, one of order 1 and one of order
e.

Now let us consider a more general problem, that of a
three-dimensional plate under tension loads in two directions.
(Actually, what follows could be generalized to include
structural damping, an elastic foundation and orthotropicity,
see for example Dugundji2 as well as earlier work by Hedge-
peth6 and Houbolt.7) Thus,

+ -N^-

pU2 dw pU
~M ^x + If l£= 0 (4)

Nondimensionalizing,

^ a
' W (t) ~ RxW ~

&w /«_y , ̂  /^f\1/2 ̂  c>2^ __
d?;2 \ 6 / c)^ V-M"/ ^T ^r2

-•-CL SPRIGGS, MESSITER , ANOERSON
• SS-SS DUGUNDJI, REE 2
o CL-SS DUGUNDJI, REF. 2
A CL-CL DIXON, REF. 8

8 10 12 14 16

Fig. 1 Width/length ratio vs flutter dynamic pressure.
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where
£ =3 x/a, rj = y/b, R* — N^/D, Ry -= Nya*/D (5)

Using a one-mode approximation in the y variable

w(%,ri,T) = g(ri)w(£)eikT

and applying Galerkin's method we have

6*(d*w/d& - (d*w/d& + \#(dw/dQ + e*Bw = 0

where
e'^CV^d-f 2(a/6)2C2]

B = [(CVCi)(a/6)4 + Ry(a/b)* C2/C, +
(\H/M)IIHK - K*} (6)

INFINITELY LONG PLATE ANALYSIS
--o-- FINITE PLATE ANALYSES

SIMPLY-SUPPORTED PLATE
200

Note Ci, C2, C4 > 0. Clearly there is a perfect analogy be-
tween Eqs. (3) and (6). This result is not new, of course,
having been noted by the authors of Ref s. 2, 6, and 7 among
others.

Thus, we may 1) use the boundary-layer concept of Spriggs
et al.1 to interpret earlier studies of three-dimensional plates
for large a/6, i.e., small e and 2) use the numerical results of
earlier studies by Dugundji2 and Dixon8 for large a/6 to im-
prove the quantitative character of the asymptotic stability
boundaries established by Spriggs, Messiter, and Anderson.

Let us first consider the second item since it may be dis-
posed of in short order. From Dugundji and Dixon, we have
results for p = Rx = Ry = 0 and various a/6 that can be
used to compare with the results of Ref. 1. (Dugundji also
gives extensive results for JJL ^ 0, Rx ^ 0, Ry ^ 0, etc.) For
this special case, in the notation of Spriggs et al.,

0,2 == Xe3 = \{ [Ci/2C2(a/6)2]}3/2, 7 = 0

Note that Xe3 s== a2 is essentially X nondimensionalized by
6 rather than a, while e ~ 6/a. Dugundji and Dixon have
previously used these variables in plotting their results. In
Fig. 1, we compare results of Refs. 1,2, and 8. Incorporating
Ci and C2 into the definitions of a2 and e collapses results for
various y boundary conditions and (hence various g) into
single curves. In addition, we expect results for various x
boundary conditions to collapse to a single point as e — > 0.
This is indeed the case as may be seen in Fig. 1. Somewhat
surprisingly, the results from Spriggs et al., which were de-
veloped for clamped-edge boundary conditions agree better
with results of Dugundji for simply-supported edges than
those from Dugundji, Dixon for clamped edges. The reason
for this quantitative difference is not known. Presumably
the numerical results of Dugundji, Dixon are more accurate.
It should be noted that Dugundji' s clamped results are for a
plate clamped on leading and trailing edges and simply sup-
ported on the side edges, whereas Dixon' s results are for a
plate clamped all around. By the previous scaling, these
results fall on a single curve.

Interesting as the previous comparisons are, the more
interesting aspect is the understanding which the boundary-
layer concept of Spriggs et al. brings to other "paradoxes" in
the panel flutter literature. In particular, the limitations of
an infinitely long, traveling wave analysis3 ~5 for plates of
large a/6 are now clear. In such an analysis, plate deforma-
tions are assumed to be constant amplitude traveling waves
with wavelength comparable to the plate width. On the
other hand, the analysis of Spriggs et al., as interpreted here,
clearly shows that the plate deformation is one in which the
length scale of the traveling wave changes from one com-

/ BOHON
/ AND

/ DIXON,REF.

3.0

Fig. 2 Flutter dynamic pressure vs Mach number.

parable to plate length to one comparable to plate width as
the plate is traversed from leading to trailing edge. In addi-
tion, there is a rapid exponential modulation of the plate
deformation with length scale on the order of plate width as
one approaches the trailing edge.

Hence, the traveling wave analysis is inadequate at high
supersonic Mach number. However, at subsonic Mach
number the plate deformation is essentially one of constant
amplitude with wavelength comparable to the plate width
based on the finite length experimental and theoretical results
of Dugundji4 et al. for a plate on an elastic foundation as well
as previously unpublished results by Vent res and Do well
using the analysis of Ref. 9 for low-aspect ratio plates. These
results show no significant exponential spatial growth near
the trailing edge. In Fig. 2, we compare results over a range
of Mach number as obtained by analyses using the full linear-
ized aerodynamic theory, 1) with the finite length accounted
for and 2) from the infinitely long plate, traveling wave
analysis. Simply-supported edge conditions apply. The
results of type 1 at M = 1.3, 2.0 and 3.0 were obtained from
Cunningham's flutter analysis by Cunningham,10 Bohon and
Dixon.11 The other results are derived from the present
authors. The good agreement at M = 1.3 is probably to
some extent fortuitous since there is some significant ex-
ponential spatial growth in the flutter mode; however, it is
less than at M = 3. Note that good agreement at M = 0.7
is obtained at a/6 = 2 indicating the asymptote, a/6 ->- oo;
is reached more rapidly at subsonic Mach numbers than
supersonic ones. Vent res has shown in unpublished results
for clamped edges that at M = 0 the results for a/6 = 2
and 4 agree very closely providing further support for this
conclusion.

Conclusions

The asymptotic analysis of Spriggs, Messiter, and Anderson
for a two-dimensional plate under tension can be reinter-
preted and used to investigate a wider class of problems.
In particular, the limit of large length/width ratio (or low-
aspect ratio) plates may be studied and their analysis thus
interpreted goes far to explain the previously observed in-
adequacies of the infinitely long traveling wave model at
high supersonic speeds. It also implicitly explains why
such a model works at subsonic speeds. In addition, such
a reinterpretation of their numerical results allows a wide
range of comparison with available data from more con-
ventional analyses by Dugundji and Dixon. There is gen-
eral agreement, although some discrepancy is noted in terms
of quantitative accuracy.
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Imperfect Gas Effect in
Real Hydrogen Drives
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Nomenclature
a = (dp/dp)172 = sound speed
/ = empirical constant for a given entropy
k = empirical constant for a given entropy
Ms = shock Mach number
p = pressure
s = entropy
T = temperature
u — velocity
v = specific volume
z = compressibility
/3 = empirical constant for a given entropy
p — density

Subscripts
f = final state
i = initial state
0 = reference (po = 1 atm; po = 1 amagat)
1 = state of quiescent test gas
4 = state of initial driver gas

IMPULSE facilities (e.g., the shock tunnel) have been
extensively used for the production of high-enthalpy flows

in various gas mixtures. The use of statically heated hydrogen
as a driver has become quite common.1'2'3 For the upper
performance limits, the hydrogen might be compressed to
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Fig. 1 Compressibility factor for hydrogen.

pressures as high as 200Q atm at 800 °K. For these condi-
tions, the assumption of an ideal gas is inadequate due to the
existence of large intermolecular forces.4 Huber5 has cal-
culated performance of a shock tube using unheated hydrogen
drivers at pressures up to 125 atm. The development of an
expansion tunnel at LRC required more extensive real hydro-
gen driver performance calculations. These calculations
utilized the equations for thermodynamic properties from
Ref. 4. Although this data lacks experimental verification
above 600°K, it does continue the trend of the most reliably
established properties of hydrogen.6

The effects of considering the intermolecular forces can be
seen in Fig. 1 which presents z as a function of T for pressures
of 1-5000 atm. For the typical driver conditions cited, a
value of z = 1.5 is attained. Figure 2 is a plot of p as a func-
tion of T along isentropes. The differential equation govern-
ing an isentropic one-dimensional unsteady expansion can be
written7

du = — (dp/pa)s (i)
Equation (1) can be readily integrated using the semiempiri-
cal entropic equation of Ref. 4

— f> — lc (9}J) ~ K \&)

resulting in the following expression
Au = [kp(0 -,2)]1/2p1^ (3)

where Au is the velocity increment imparted to the flow as it
expands from an initial pressure to p = 0. Figure 3 presents
values of Au as a function of p at constant entropy. With a
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Fig. 2 Pressure-temperature diagram for hydrogen.


